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Abstract
Digraphs in which any two vertices have di4erent pairs of semi-degrees are called fully irreg-
ular. For n-vertex fully irregular oriented graphs (i.e. digraphs without loops or 2-dicycles) the
minimum size is presented. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G=(V; E) be a digraph with the vertex set V and the arc set E. The cardinalities
of V and E are called the order and size of G, respectively. By (u; v), where u; v ∈
V , the arc with initial vertex u and terminal vertex v is denoted. In this paper, the
symbol ( ab) always denotes the ordered pair of integers a and b (it does not denote any
Newton’s symbol). By deg+G(u) and deg
−
G (u) is denoted the outdegree and the indegree
of u ∈ V; respectively. Then the number deg+G(u) + deg−G (u) is called the degree of u
in G.
If {u1; u2; : : : ; un} is the vertex set V of a digraph G then the sequence((
deg+G(u1)
deg−G (u1)
)
;
(
deg+G(u2)
deg−G (u2)
)
; : : : ;
(
deg+G(un)
deg−G (un)
))
is called the semi-degree sequence of G. By DG we denote the set of pairs of semi-degrees
of G (the semi-degree set of G). A set D of pairs of non-negative integers is called
digraphic if there exists a digraph G such that D = DG. If A⊆V then we put
DG(A) =
{(
deg+G(v)
deg−G (v)
)
: v ∈ A
}
so that DG = DG(V ):
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It is well known that each non-trivial component of an undirected graph has two
vertices of the same degree. In case of digraphs the situation changes. A digraph can
have all vertices with mutually distinct pairs of semi-degrees. Skupie*n proposed the
following de%nition.
Denition 1. A digraph G is called fully irregular if the following implication holds.
u; v ∈ V (G) and u = v⇒
(
deg+G(u)
deg−G (u)
)
=
(
deg+G(v)
deg−G (v)
)
:
In Fig. 1, a fully irregular digraph with four vertices is presented.
The class of fully irregular digraphs is denoted by FI. We write ‘G is an FI-digraph’
if G ∈ FI.
Recall that a loopless digraph without 2-dicycles is called an oriented graph. Note
that, for every positive integer n, there exists an FI-oriented graph of order n. Namely,
so is the transitive n-vertex tournament, denoted by Tn, which is the digraph Tn=(V; E)
with the vertex set V = {v1; v2; : : : ; vn} and such that (vi; vj) ∈ E ⇔ i¡j.
Obviously, if G is an FI-oriented graph, then each of its components is an FI-oriented
graph. The converse implication does not hold. However, if T1; T2; : : : ; Tp are vertex
disjoint tournaments, then the union
T1 ∪ T2 ∪ · · · ∪ Tp (1)
is an FI-oriented graph, which is disconnected if p¿1.
The above property of irregularity is a global property of digraphs. A local irregu-
larity of digraphs is considered by Alavi et al. [2]. Namely, a digraph is called highly
irregular if it is connected and the vertices in the out-neighbourhood of any vertex have
mutually distinct outdegrees. A similar local property for undirected graphs is studied
in [1]. In [1,2] some structural properties of highly irregular graphs and digraphs are
given. The degree sequences of undirected and directed graphs with ‘local highly ir-
regular property’ are characterized in [3,5] (in [5] ‘irregularity’ of digraphs means that
vertices in the out-neighbourhood of any vertex have mutually distinct indegrees and
vertices in the in-neighbourhood of any vertex have mutually distinct outdegrees). In
[4] the maximum and the minimum size of n-vertex undirected highly irregular graphs
are given.
In this paper, the minimum size of n-vertex irregular digraphs is found, the irregular-
ity being meant as in De%nition 1. To %nd this size we construct peculiar FI-digraphs
which appear to be oriented graphs.
Analogous results for n-vertex FI-digraphs having maximum size are obtained and
will be presented in another paper.
Fig. 1.
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2. Blocks of semi-degrees
It is obvious that the size of a digraph is described by its semi-degree sequence.
Therefore we give some properties of semi-degree sequences and sets of FI-digraphs.
Proposition 1. If G is an FI-digraph of order n; then the semi-degree sequence of G
and the semi-degree set of G have the same number of elements.
So, to calculate the size of an FI-digraph G we can consider only the semi-degree
set of G. Let p be a non-negative integer and let
Bp =
{(
a
b
)
: a + b = p and a; b are non-negative integers
}
: (2)
The sets Bp are called blocks and the union of all these blocks is denoted by D∞.
Obviously,
|Bp|= p + 1: (3)
It is clear that Bp = DTp+1 , the semi-degree set of the tournament Tp+1.
Proposition 2. If G is an FI-digraph of order n; then DG ⊂D∞.
Let B = {( a1b1 ); (
a2
b2
); : : : ; ( akbk )} be a set of pairs of integers. Then we put
us(B) =
k∑
i=1
ai; ls(B) =
k∑
i=1
bi; s(B) = us(B) + ls(B) (4)
and we say that us(B); ls(B) and s(B) are the upper sum; lower sum and the sum of
B, respectively.
The set B is called balanced if us(B) = ls(B). An m-element subset of B can be
balanced or not. The class of all m-element balanced subsets of B we denote by
Bbal(m).
If B = Bp then we write Bbalp (m) instead of (Bp)
bal(m).
Proposition 3. (i) For every p¿0; the block Bp is balanced.
(ii) If p is even then; for every 16m6p + 1; the class Bbalp (m) is non-empty.
(iii) If p is odd and 16m6p+ 1; then the class Bbalp (m) is non-empty if and only
if m is even.
Proof. Condition (i) holds because
Bp =
{(
0
p
)
;
(
1
p− 1
)
; : : : ;
(
p− 1
1
)
;
(
p
0
)}
:
To prove (ii), we consider three cases.
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Case 1: m = 1. Then the set{( 1
2p
1
2p
)}
(5)
belongs to Bbalp (m).
Case 2: m is odd and m¿3. In this case the set{(
p
0
)
;
(
p− 1
1
)
; : : : ;
(
p− 12 (m− 3)
1
2 (m− 3)
)
;
( 1
2p
1
2p
)
;
( 1
2 (m− 3)
p− 12 (m− 3)
)
; : : : ;
(
1
p− 1
)
;
(
0
p
)}
(6)
belongs to Bbalp (m).
Case 3: m is even. Then the set{(
p
0
)
;
(
p− 1
1
)
; : : : ;
(
p− 12 (m− 2)
1
2 (m− 2)
)
;
( 1
2 (m− 2)
p− 12 (m− 2)
)
; : : : ;
(
1
p− 1
)
;
(
0
p
)}
(7)
belongs to Bbalp (m).
Now we prove (iii). Let B = {( a1b1 ); (
a2
b2
); : : : ; ( ambm )} ∈ Bbalp (m). Then
2us(B) = us(B) + ls(B) =
m∑
i=1
(ai + bi) = mp:
So, the number mp is even. Therefore also m is even.
Conversely, let m be even and m6p + 1. Then the set described in (7) belongs to
Bbalp (m).
Proposition 4. If a digraph G ∈ FI; G has n vertices; and  is the maximum degree
among vertices of G; then
¿
⌊√
2n− 1
2
⌋(
=
⌈√
2n− 3
2
⌉)
: (8)
Furthermore; if G is an oriented graph; then 6n − 1. Moreover; both bounds are
sharp.
Proof. By ni we denote the number of all vertices of G with degree i. Then ni6|Bi|=
i + 1 because G ∈ FI. Therefore, n= n0 + n1 + · · ·+ n61 + 2 + · · ·+ (+ 1) = (+
1)( + 2)=2. This is a quadratic inequality which can give (8). The next inequality
6n − 1 is clear. The transitive tournament Tn on n vertices and disjoint union (1)
of tournaments T1; T2; : : : ; T+1 show that both inequalities are sharp.
It is not diPcult to check that, for a given natural n, the number
n:=
⌊√
2n− 1
2
⌋
(9)
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is a solution, in integer p, of the following inequalities:
1
2
p(p + 1) =
p−1∑
i=0
|Bi|=
p∑
i=1
i¡n6
p+1∑
i=1
i =
p∑
i=0
|Bi|= 12(p + 1)(p + 2); (10)
i.e., n is the greatest number p of consecutive blocks B0; B1; : : : such that
∑p−1
i=0 |Bi|¡n.
By (10), we obtain
0¡n− 12n(n + 1)6n + 1: (11)
We put
mn = n− 12n(n + 1): (12)
3. Minimal semi-degree sets
In this section, we consider n-vertex FI-digraphs having the minimum size. This
class of digraphs we denote by FIminn .
The following proposition is obvious.
Proposition 5. The semi-degree sets of FIminn -digraphs are n-element balanced FI-
digraphic subsets of the set D∞ having the minimum sum.
Let n be a positive integer and let G ∈ FIminn . Then, by Proposition 4 and formula
(10),
DG ∩ (Bn ∪ Bn+1 ∪ · · ·) = ∅:
On the other hand, because G has the minimum size, DG should contain as many
blocks Bp with p¡n as possible.
Note that, by (10)–(12), every set D˜ of the form
D˜ =
n−1⋃
i=0
Bi ∪ C; where C is an mn-element subset of Bn ; (13)
has n elements. It is easy to see that D˜ has the minimum sum among all n-element sub-
sets of D∞, but such a set need not be balanced, and consequently can be non-digraphic.
We will show that the below-de%ned set D∗n has the minimum sum among all n-element
subsets of D∞ and is FI-digraphic.
Let n be a positive integer and let k be an integer such that 06k6 12 (n + 1). We
put
Ck =


∅ for k = 0;{(
n
0
)
;
(
n − 1
1
)
; : : : ;
(
n − k + 1
k − 1
)
;(
k − 1
n − k + 1
)
; : : : ;
(
1
n − 1
)
;
(
0
n
)}
for k¿1:
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Denition 2. Given a natural number n, we de%ne the set D∗n as follows.
D∗1 =
{(
0
0
)}
; D∗2 =
{(
1
0
)
;
(
0
1
)}
and
D∗n =
n−1⋃
i=0
Bi ∪ Ckn ∪ I for n¿2;
where kn =  12mn and for n¿2,
(a) I = ∅ if mn is even,
(b) I =
{(
1
2 n
1
2 n
)}
if mn is odd and n is even,
(c) I =
{(
1
2 (n+1)
1
2 (n+1)
)}
if mn and n are both odd.
Proposition 6. For every positive integer n; the set D∗n has n elements and is balanced.
This follows from De%nition 2 of D∗n and (10)–(12).
Proposition 7. For every positive integer n; the set D∗n has the minimum sum among
all n-element balanced subsets of the set D∞.
Proof. One of the following cases clearly holds.
Case 1: mn is even or n is even. Then the sets D∗n de%ned by (a) or (b) are all
balanced and they have form (13). So the sum s(D∗n ) is minimal.
Case 2: Both numbers mn and n are odd. By Proposition 3, every n-set D˜ of form
(13) is not balanced. So, for every balanced n-element subset D of D∞, the inequality
s(D)¿s(D˜) holds. Observe that the set D∗n de%ned by (c) as well as that with n = 2
are balanced and s(D∗n ) = s(D˜) + 1. Therefore D
∗
n has the minimum sum among all
n-element balanced subsets of D∞.
4. Main results
Our main result is that each minimal set D∗n de%ned and studied in the preceding
section is the semi-degree set of an FI-oriented graph on n vertices.
First, we give examples of connected and not complete FI-oriented graphs.
Assume that p is a positive integer. Recall that Tp stands for the p-vertex transitive
tournament with vertices vj (j= 1; 2; : : : ; p) such that (
p−i
i−1 ) is the pair of semi-degrees
of the ith vertex vi.
Let p¿0 be even. From Tp we get a new digraph
Tp +
( 1
2p
1
2p
)
(14)
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by performing the following operations:
• add a new vertex x,
• delete the arcs (vi; vp−i+1), i = 1; 2; : : : ; 12p,
• add new arcs (vi; x), (x; vp−i+1) for i = 1; 2; : : : ; 12p.
Let p¿3 be odd and let Tp−1 and Tp be two disjoint tournaments where V (Tp−1) =
{w1; w2; : : : ; wp−1}. By
(Tp−1 ∪ Tp)⊕
( 1
2 (p + 1)
1
2 (p + 1)
)
; (15)
we denote the digraph obtained from the union Tp−1 ∪ Tp in the following way:
• add a new vertex x,
• delete the arcs (vi; vp−i+1), i = 1; 2; : : : ; 12 (p− 1) from Tp,
• delete one arc (w1=2(p−1); w1=2(p+1)) from Tp−1,
• add new arcs (vi; x), (x; vp−i+1), i = 1; 2; : : : ; 12 (p− 1),
• add new arcs (w1=2(p−1); x) and (x; w1=2(p+1)).
Proposition 8. Let n¿2 be a positive integer and let T1; T2; : : : ; Tn+1 be disjoint tour-
naments.
The union T1 ∪ · · · ∪ Tn+1 realizes the set D∗n when mn = n + 1.
The union
T1 ∪ T2 ∪ · · · ∪ Tn−1 ∪
(
Tn +
( 1
2n
1
2n
))
(16)
realizes the set D∗n when mn = 1 and n is even.
The union
T1 ∪ T2 ∪ · · · ∪ Tn−2 ∪
(
(Tn−1 ∪ Tn)⊕
( 1
2 (n + 1)
1
2 (n + 1)
))
(17)
realizes the set D∗n when mn = 1 and n is odd.
Theorem 1. For every positive integer n; there exists an oriented graph G of order
n such that DG = D∗n .
Proof. For n62 the result is trivial. Let n¿2 be a positive integer and let D∗n be the
set described in De%nition 2. If the subset Ckn ∪ I of D∗n has one element or it is equal
to Bn , then there exists an oriented graph which realizes D
∗
n (by Proposition 8).
We now consider the case when that subset of D∗n has at least two elements and is
not equal to Bn .
Let D0 =
⋃n−1
i=0 Bi ∪ I . Then D∗n = D0 ∪ Ckn where Ckn = ∅ because |I |61.
Let G0 = (V0; E0) be a realization of D0, where G0 has one of the forms presented
in Proposition 8.
We obtain a realization of D∗n after executing the following steps.
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I. Form the partition (C′; C′′) of Ckn such that
C′ =
{(
n
0
)
;
(
n − 1
1
)
; : : : ;
(
n − kn + 1
kn − 1
)}
and
C′′ =
{(
kn − 1
n − kn + 1
)
; : : : ;
(
1
n − 1
)
;
(
0
n
)}
:
II. For each pair ( n−ii ) in C
′, de%ne the set Ai as follows.
Ai =
{(
n − i − 1
i
)
;
(
n − i − 2
i
)
; : : : ;
(
0
i
)}
for i = 0; 1; : : : ; kn − 1:
III. Choose the subsets Wi of V0 such that DG0 (Wi) = Ai and put
W =
kn−1⋃
i=0
Wi:
IV. Add the following two disjoint sets of new vertices to V0.
U = {u0; u1; : : : ; ukn−1} and T = {t0; t1; : : : ; tkn−1}:
V. Form the bipartite graph G1 = (W ∪ U; E1), where
E1 =
kn−1⋃
i=0
{(w; ui); w ∈ Wi}:
VI. Form the bipartite graph G2 = (U ∪ T; E2), where
E2 =
kn−1⋃
i=1
{(ui; tkn−1); (ui; tkn−2); : : : ; (ui; tkn−i)}:
VII. Finally, put
G = G0 ∪ G1 ∪ G2:
We now verify that the digraph G thus obtained realizes the set D∗n . First, note that
|V |= |V0|+ |U |+ |T |= |V0|+ 2kn = 12n(n + 1) + mn = n
and
DG = DG(V0\W ) ∪ DG(W ) ∪ DG(U ) ∪ DG(T ):
From the de%nition of G it follows that
(i) deg+G(v) = deg
+
G0 (v), deg
−
G (v) = deg
−
G0 (v) for each v ∈ V0\W ,
(ii) deg+G(v) = deg
+
G0 (v) + 1, deg
−
G (v) = deg
−
G0 (v) for each v ∈ W because sets
Wi, i = 0; 1; : : : ; kn − 1, are pairwise disjoint,
(iii) deg+G(ui) = i, deg
−
G (ui) = |Wi|= |Ai|= n − i for i = 0; 1; : : : ; kn − 1,
(iv) deg+G(ti) = 0, deg
−
G (ti) = i for i = 0; 1; : : : ; kn − 1.
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Therefore,
• DG(V0\W ) = DG0 (V0\W ) = DG0\DG0 (W ) by (i),
• DG(U ) = C′′ by (iii),
• DG(T ) = {( 0i ): i = 0; 1; : : : ; kn − 1} by (iv).
• DG(Wi) = Ai ∪ {( n−ii )}\{( 0i )} for i = 0; 1; : : : ; kn − 1 by (ii)
and, consequently,
• DG(W ) = DG0 (W ) ∪ {( n−ii ): i = 0; 1; : : : ; kn − 1}\{( 0i ): i = 0; 1; : : : ; kn − 1}.
So, DG =DG0 ∪C′ ∪C′′ =D∗n . It is easy to check that the obtained digraph G is an
oriented graph.
Finally, we determine the size of digraphs belonging to the class FIminn .
Theorem 2. The minimum size of a fully irregular oriented graph of given order n¿1
is equal to !n, where
2!n =
{
n(n− 16 (n + 1)(n + 2)) + 1 if n and mn are odd;
n(n− 16 (n + 1)(n + 2)) in remaining cases:
(18)
Proof. From Proposition 7 and Theorem 1 it follows that 2!n is equal to the sum of
the set D∗n . If mn is even or n is even then we have
2!n =
∑
( a
b
)
∈D∗n
(a + b) = 0 · |B0|+ 1 · |B1|+ · · ·+ (n − 1) · |Bn−1|+ n · mn
= 1 · 2 + 2 · 3 + · · ·+ (n − 1) · n + n · mn = (n − 1)n(n + 1)3 + mn · n
=
(n − 1)n(n + 1)
3
+
(
n− n(n + 1)
2
)
n = n(n− 16 (n + 1)(n + 2))
and if mn and n are both odd then
2!n =
∑
( a
b
)
∈D∗n
(a + b)
= 0 · |B0|+ 1 · |B1|+ · · ·+ (n − 1) · |Bn−1|+ n · (mn − 1) + (n + 1) · 1
= 1 · 2 + 2 · 3 + · · ·+ (n − 1) · n + n · mn + 1
= n(n− 16 (n + 1)(n + 2)) + 1:
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